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Abstract

1.Introduction
The concept of black body radiation along
with Planck’s radiation, Stefan’s law and
Wiens displacement law forms an integral
part of the undergraduate and postgraduate classes. These laws are important
in predicting the temperature of cosmic
background radiation, any thermal source
and the color of the star.

In this article, we would like to discuss the implications of Stefan-Botzmann law in blackbody
radiation in an arbitrary spatial dimensions
d with power law dispersion relation. After
the classical derivation of Stefans law in an
arbitrary diemsion, we critically indicate the
role of dimensional analysis in determing the
unknown integration constant. Subsequently
the quantum derivation rightly points out the
diversity associated with the law in dealing the
mixed spectrum for computing density of states
and effective number of particles in a given
temperature.This approach clearly indicates the
distinction between massless (ultra-relativistic)
photons and massive (non-relativistic) particles.
As a part of the tutorial, few problems are
added with solutions to check the concepts.

Before we start, it is necessary to
understand the meaning of black body
radiation [1, 2, 3, 4] as there are confusions
in several text books. For a historical look
into this law, the readers are referred to
documents [5, 6, 7]. The radiation law
has also been viewed from dimensional
analysis [8, 9, 10, 11, 12]. The most well used
Planck’s contant in quantum mechanics can
be determined from the experiments related
to black body radiation [13, 14, 15, 16].
In figure 1, we show some examples of
blackbody radiation. In modern physics,

Keywords: Black Body Radiation, Planck’s
law, Stefan-Boltzmann Law.
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the physics at the Planck scale [17] and the
contrasting role of Plancks constant [18]
seem to be very exciting.

perfectly black body is an idealized concept
which allows all incident radiation to pass
into it and internally absorbs all the incident
radiation. Therefore, for a perfectly black
body there is no reflection or transmission of
electromagnetic rediation. Therfore, the perfect black body is indeed a perfect absorber
for all incident radiation as well as for all
angles of incidence. In fact, the term black
body was intro- duced by Gustav Kirchhoff
in 1860. Because no light (visible electromagnetic radiations) is reflected or transmitted, the object appears black when it is
cold. Therfore, the perfect black body is indeed a perfect absorber for all incident radiation as well as for all angles of incidence.
A black body emits temperature dependent
spectrum of light.

Examples of Blackbody Radiation.
(a) An Oven (b) Sun (c) Volcano
-real life Black Body and (d) Theoretical Physicists Black body. Source: http :
//tonic.physics.sunysb.edu/ dteaney/F12mystery

An approximate realization of a black
body is thought of a system having a hole
in the wall of a large enclosure. In figure 2,
we depict the typical black body radiation
spectra as a function of wavelength.

Most of the book starts with the perfectly black an idealized rather than the simple black body one. A black body is a
body in thermal equlibrium with the surroundings and can absorb and emit electromagnetic radiation at all frequencies regardless of angle of incidence with a characteristic continuous emission spectra satisfying Planck’s radiation formula. An emitting
blackbody with shorter wavelengths have
higher intensity ra- diation (and greater energy flux) than the longer wavelength. A

At room temperature, black bodies emit
mostly infrared light, but as the temperature increases past a few hundred degree
centigrade, it is observed that they start to
emit visible wavelengths, from red, through
or- ange, yellow, and white before ending
up at blue. This change in color is indicative of the fact that the frequency distribution of the emitted radiation changes with
temper- ature. This is due to Wiens displacment law [19] states that an increase of temperature in an object not only increases the

Figure 1:

35/01/01
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total ra- diant output, but also shifts this energy out- put to shorter wavelengths, in inverse propor- tion to the absolute temperature.

Figure

3:

Typical relationship between
the temperature of an object and the
spectrum of blackbody radiation it emits
as a function of frequency.
Source:
https : //energyeducation.ca/encyclopedia

Figure 2: Typical spectrum of blackbody radiaperature of a hot body through the emitted
radiation can be estimated from this. Thus,
it seems that a blackbody can capture an
essential aspect of the radiation from a real
body like the visible glow from a lump of
iron at 1000◦ C, to the Sun at 6000◦ C or even
the invisible infrared faint glow of a human
body at 37◦ C. As a consequence, the solar
radiation is concentrated in the ultra-violet
(UV), visible and near infrared regions of
the spectrum, while radiation emitted by
planets and their atmospheres is largely
confined to the infrared regime. We can
distinguish between solar and terrestrial
radiation, using Planck’s Law and Wien’s

tion as a function of wavelength. Source: https :
//en.wikipedia.org/wiki/Blackbody radiation

If one slowly and steadily increases the
temperature of a material body, it is observed that the predominant color shifts
from dull red through bright yellow-orange
to bluish white heat. This change in color is
indicative of the fact that the frequency distribution of the emitted radiation changes
with temperature. The typical black body
radiation spectra as a function of frequency
is shown in figure 3 .
Since the thermal radiation spectrum
strongly depends on temperature, the tem35/01/01
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Law. Since, the surface temperature of Sun
is higher than that of Earth, the radiation
spectra of Sun is peaked at shorter wavelength (higher energy) regime while that of
Earth at longer wavelength (lower energy).
In figure 4, we compare the blackbody
radiation spectrum of the Sun and Earth
in the same graph. It is to be noted that
at normal Earth temperatures, the thermal
emission is in infrared regime. An order of
magnitude of khc can be estimated from the
B
visible solar spectrum radiation. using the
blackbody spectrum [20].
Figure 4:

Blackbody radiation Sun and
Earth as a function of wavelength. Source: http :
//www.planet f orli f e.com/greenexplainSpectra.

This automatically brings about the
notion about a white body. Accordingly, a
white body is one having a rough surface
reflecting all incident rays completely and
uniformly in all directions. In this situation
one should remember that the radiation
from light emitting from LASER does not
satisfy the features of black body radiation.

E = σT 4 ,

2π 5 k4B
15c2 h3

(1)

σ is a constant better known as Stefan’s constant [23] equal to 5.67 × 108 W
m2 K4 . The numerical dimensionless factors
appearing in the above equation however
π 4 k4

vary (such as 60c2 hB3 power raiated by surface
element of black body) depending on the
various ways of definitions, however, the
dependences on two fundamental constants
(kB and h̄) remain intact. If a surface emits
radiation with a known flux density, then
the above equation can be used to solve for
its equivalent blackbody temperature, that
is, the temperature a blackbody would need
to have in order to emit the same flux density of radiation. In the most simplified case,
if the surface emits as a blackbody, its ac-

Thus, the definition clearly establishes
the fact that it is indeed a phenomenon from
equilibrium statistical mechanics. The spectrum of such a body depends only on the
temperature rather than the shape or composition of a body. Stefan Boltzmanns law
[21, 22] is connected with the radiation of a
black body need not be perfectly one. The
total radiant energy (E) per second per unit
area of the surface of a black body is directly
proportional to the fourth power of its absolute temperature. Mathematically speaking,
35/01/01
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tual temperature and its equivalent blackbody temperature will be the same.

diation.
• Radiation emitted by a blackbody is
isotropic,homogeneous and unpolarized.

The fact that it is proportional to T 4 is
purely classical. This law has been verified extensively via incandescant light bulb
in laboratory [24, 25, 26, 27, 28, 29, 30, 31,
32]. However, the value of the proportionality constant σ requires quantum mechanics. This power law dependence can be understood physically from the relevant active
modes. The “active” modes in a system are
those modes where the energy required for
exciting those modes at a given temperature T is less than k B T by the equaipartition theorem. If the energy is more than,
the energy stored in those modes is suppressed according to Boltzmann distribution. Thus, in these active modes, there
is roughly k B T amount of energy. Besides,
these modes characterized by momenta stay
inside a sphere of radius proprtional to k B T.
Now, since, the volume of this sphere is
proprtional to T 3 , we obtain the total energy of these modes as T 4 . Generalizing
to an arbitrary spatical dimension d, we get
Td+1 . This intutitive argument leads to the
fact that the low temperature specific heat of
solid (lattice part) according to Debye model
as Td .One should also note that there is no
physical infinite specific heat for an equilibrium radiation [33]. In such a situation it is
the pressure which is solely function
 of tem∂P
(P beperature T and the derivative ∂T
ing the pressure) only meaningful quantity.
Thus to summarize, we indicate below the
main charcteristic features of back body ra35/01/01

• Blackbody radiation at a given wavelength depends only on temperature.
• Any two blackbodies at the same temperature emit precisely the same radiation.
• Finally, a blackbody emits more radiation than any other type of an object at
the same temperature.
• It is the Planck function which gives
the intensity (or radiance) emitted by a
blackbody having a given temperature.
• Blackbody radiant intensity increases
with temperature.
• Lastly but not the least, the wavelength
of maximum intensity decreases with
in- creasing temperature.
In fact, Planck function relates the emit- ted
monochromatic intensity to the frequency
and the temperature of the emitting substance.

2. Review of ”classical” derivation
of SB law
We start with the basic thermodynamic relations by assuming the internal energy U as a
state function of volume V and temperature
5
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T. Using first and second law of thermodynamics, we can write

dU = dQ − PdV = TdS − PdV

the container. the average potential energy
is either constant or zero (independent of
distance). Thus, the internal energy of an
ideal gas is independent
  of volume. Thus,

(2)

a non-zero value of

 ∂S 
∂T

V

dT +

 ∂S 
∂V

T

 ∂S 

(3)
U=

The second term in the second line follows from Maxwells relation. Substituting
this equation (3) for entropy in the equation
(2), it is easy to see that
h  ∂P 
i
dU = cV dT + T
− P dV
∂T V

∂V

T

h  ∂P 
i
= T
−P
∂T V

d
s ∂u
s
P= T
− u
s
d ∂T d
du
d + s dT
=
u
s T
d+s
u = Kd T s

(4)

(6)

(7)

The (integration) constant Kd cannot be
evaluated through this classical way of deriving the above generalized Stefans law
(d = 3, s = 1, u ∝ T 4 ) but its dependence on
the fundamental physical constants can be
understood from simple dimensional analysis [34]. It is instructive to notice that for
a massive bosons with quadratic dispersion
(s = 2), u ∝ T5/2 in agreement with kinetic
theory because p = 32 u. Without using equation (5) it is possible to derive Stefans law

(5)

For an ideal gas (PV = RT ) whether
it
 is non-relativistic or ultra-relatibistic,
∂U
= 0. Physically speaking, a change
∂V
T

in volume of the container of the gas
particles eventually changes the average
distance between the particles. As a result,
the average potential energy changes which
depends on the distance via the volume of
35/01/01

d
NK B T
s

Now, with the help of equation (5) and
defining the energy density u = U
V , we get

From the above equation (4), it follows
immediately that,
 ∂U 

can be regarded

For a hypothetical dispersion relation of
photons as ω ∼ ks in an arbitrary spatial dimension d, it is easy to understand that the
internal energy U ∼ V 1s/d . As a result, the radiation pressure can be written as P = ds U
V.
For ideal gas using PV = Nk B T , we find

dV

 ∂S 
dT +
dV
∂T V
∂V T
c dT  ∂S 
= V
+
dV
T
∂T V

dS =

T

as the hallmark of interaction between the
particles.

Again by assuming, the entropy S as a
state function of V and T, we can write

dS =

∂U
∂V

6
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from thermodynamics as follows. From conservation of energy (first law +second law)
we can write

ML2 T −2
= c x h̄y (k B T )z
(12)
Ld
Equating the powers of M, L and T, we
obtain the energy density u as

TdS = d(uV ) + PdV


 ∂U 
d+s
=V
dT +
udV
∂T
d

1
( k B T )1+ d
(13)
(h̄c)d
Instead of energy density, if one looks
into the process of radiation then it is revealed that the intensity of radiation I(d,
T) (power falling per unit area) depends
essentially on three fundamental physical
constants namely Boltzmann constant kB ,
Planck’s constant h̄ and the speed of light
c. Therefore, from dimensional analysis it is
clear that
u( T, d) ∝

(8)
In passing, we note that the derivatives
of the entropy function are:
d+s u
∂T V
∂V T
d T
(9)
Again, entropy being a state function of
volume V and temperature T and exact differential, hence, it is path-independent and
satifies the relation
 ∂S 

=

V du
T dT

 ∂S 

=

ML2 T −3
= c x h̄y (k B T )z
(14)
d
−
1
L
Therefore, equating the powers of M, L
and T, we get x = 1 − d, y = −d and
z = 1 + d. The scaling form (without the dimensionless constant) of Stefan’s law from
the consideration of intensity in an arbitrary
spatial dimension is given by

 ∂2 S   ∂2 S 
=
(10)
∂V∂T
∂T∂V
As a consequence, we obtain the final
equation as
1 du
=
T dT



d+s
d



 1
du
T
−u 2
dT
T

(11)

I (d, T ) =

which after integration yields the equation (7). In fact, this is the way Boltzmann
derived T4 law from pure thermodynamics.
The constant Kd can be obtained from dimensional analysis by assuming the energy
density depends on three fundamental constants Boltzmann constant kB , Planck’s constant h̄ and the speed of light c. Therefore,
we can write for s = 1 (linear dispersion for
massless photons)
35/01/01

kdB+1
h̄d cd−1

T d +1

(15)

The interesting point is that we can relate Stefan’s constant (without the dimensionless numbers) from simple dimensional
analysis in an arbitrary spatial dimension d
as
σ(d) =

kdB+1

(16)
h̄d cd−1
It is interesting to point out that for
d = 1 and ω = ck, the energy density u ≈
7
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( k B T )2
h̄c

is reminiscent of characteristic feature
of quantum system in one dimension such
as free fermions at finite density, Luttinger
liquid, quantum Hall edge states and many
critical quantum spin chains. A formal dimensional analysis important for finite mass
system can be obtained as follows; the energy density instead of the speed of light depends on the mass of the particles. Therefore, the equation (14) reduces for s = 2 in
such a situation
ML2 T −2
= m x h̄y (k B T )z
d
L

dm

(mc2 ) 2
1+dc + d2m
(
k
T
)
u( T ) =
B
(h̄c)dc +dm

(20)

A compactification of the above formula follows if one replaces d0 = dc + dm
and γ = dc + d2m

u( T ) =

(mc2 )d0 −γ
( k B T )1+ γ
(h̄c)d0

(21)

The exact form (through incorporation
of some dimensionless constants) can be obtained from the quantum derivation of this
law. Some other related thermodynamic
relations can be addressed from the above
generalized Stefan’s law. Using the second
law of thermodynamics, we get

(17)

Equating the powers of M, L and T, we
obtain the energy density u as
d

u(m, T, d) ∝

m2
h̄

d

d

( k B T ) (1+ 2 )

(18)


s
TdS = Vdu + u 1 +
dV
d

In particular for d = 3, the above equation (18) reduces for massive particles [35]
as

d

Using u = σ(d, s) T 1+ s and integrating,
we find the entropy as

s d
S = σ (d, s)V 1 +
Ts
(23)
d
Again, for an adiabatic change (dQ =
0), the similar analysis yields

3

u(m, T ) ∝

m2
h̄

3

(k B T )5/2

(19)

and is the typical energy density for
Bose-Einstein condensation or the 3d ferrmagnetic magnon energy density, From
both the situations, one obtains the low temperature specific heat proportional to T 3/2 .
In the magnon case, this variation of specific heat is known as Bloch’s T 3/2 law.
Now combining equations (13) and (18), we
can generalize Stefan-Boltzmann law [35]
for massive particles in dm dimensions and
massless photons in dc as
35/01/01

(22)



1+

s
udV + Vdu = 0
d
d

VT s = constant

(24)

In otherwords, for an enclosure of radius R in an arbitrary spatial dimension d,
we get
1

RT s = K1
8

(25)
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A simple scaling analysis yields U/V ∼
and the energy density (generalized
Planck’s law) can be obtained [37] as

with the fact that the constant K1 depends on the spatial dimension d. Before
we end this section one comment is in order. Within classical electromagnetic theory. Boyer [36] has established that the presence of Lorentz invariant classical electromagnetic zero-point radiation can explain
the Planck blackbody spectrum.

d
T 1+ s

ω d/s
(2π )d Γ( d2 + 1)cd/s e βh̄ω − 1
(30)
A cross-check for Planck’s radiation law
is done with d = 3 and s = 1 as

3. Review of ”quantum” derivation
of SB law

ω3
h̄
u(ω, T ) = 2 3 βh̄ω
π c e
−1

1

∏ 1 − e−βh̄ω

(26)
u(ω, T ) =

k,e

Assuming two directions of polarization, the internal energy can be computed as

U=−

(27)

k

with < nk >= e βh̄ω2 −1 . It is easy to visualize the pressure P as
P=

s
1 ∂logQ
= U
β ∂V
d

u(d, λ, T ) =

(28)

d

U=

(2π )d Γ( d2 + 1))

35/01/01

Z ∞ d −1
k h̄cks dk
0

e βh̄ck

s −1

(32)

2h̄π d/2

(2π )d Γ( d2

c

+ 1) λ

2+ ds

1
e βh̄ω

−1
(33)

with the scaling law as

In the thermodynamic limit in an arbitrary spatial dimension d, we can write the
internal energy as

2Vπ 2

3h̄
ω3
2π 2 c3 e βh̄ω − 1

However, it should be noted that in
both cases, the average energy density will
be proportional to fourth power of the absolute temperature. Using ω = λc we get the
generalized Wien’s distribution from equation (30) as

∂logQ
∂β

= ∑ h̄ω < nk >

(31)

For a small finite zero rest mass, instead of
two directions of polarization, there will be
three directions and hence, the equation (31)
is modified accordingly

The canonical partition function for phontons in state k and polarization e with diss
persion ω ∼ ks ∼ V − d is given by
Q=

2h̄π d/2

u(d, ω, T ) =

u(d, λ, T ) =

f (λT )

(34)
d
λ 2+ s
As a further extension we can establish
the generalized Wien’s displacement law
[19, 38](λmax T = gd (constant)) by solving
the transcendental equation

(29)
9
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x
2+

d
s

ex 1 −

= 1−e

Thus, it is clear from the above discussion that Stefan-Boltzmann law is not a classical but a quantum due to the appearance
of as Planck’s constant h̄ in the denominator
of the law. Moreover, it is also noticed that
the energy density diverges as h̄ approaches
zero.

−x

!

x
d
s

2+

=1

(35)

consistent with the form derived for an
arbitrary dimension in s = 1 case [39]. One
can also compute an equivalent Wien’s displacement law from the average photon energy [7]. The average photon energy in an
arbitrary dimension d is defined as

R∞

u(d, ω, T )dω

Ē = 0R ∞
0

u(d,ω,T )
h̄ω dω

4. Integrated Density of States
and number of particles
The density of states g( E) is defined as the
number of states lying within an energy interval E and E + dE in a unit volume. For
a dispersion relation of the form E ∼ ks , it
is easy to verify that the density of states
d
g( E) ∼ E s −1 . The integrated density of
states counts the number of particles in a
RE
given interval E0 as N ( E0 ) = 0 0 dE g( E),
assuming that the g( E) = 0 at E = 0. In this
language, the average energy of the system
can be defined as

(36)

A simple scaling relation indicates that
d
the denominator is proportional to T s while
d
the numerator to T s +1 . As a result, the
average photon energy is proportional to
T. Based on this, we can associate a wavelength satisfying the relation
λ Ē T = constant

(37)

independent of both d and s. Using the
dimensionless variable x = khνT = λkhc T , we
B
B
can rewrite the Planck’s radiation distribution as

u( x ) = 2ck B

kB
h̄c

! ds

U (T ) =

T

x s +1
exp( x ) − 1

(38)

In the limiting case of d = 3 and s = 1,
it correctly reproduces the equation as suggested by the authors of the ref [7]

u( x ) =
35/01/01

2( k B T )4
h̄3 c2

x4
exp( x ) − 1

0

E g( E)dE

(40)

Inserting, the power law variation of
d
g(E) with E, we obtain U ( T ) ∼ T s +1 consistent with generalized Stefan-Boltzmann
law. In this scenario, the number of particles
N ( T ) at a given temperature can be written
Rk T
d
as N ( T ) = 0 B g( E) dE ∼ (k B T ) s . More
explicitly, for linear dispersion E = h̄kc in
any arbitrary dimension d, it can be easily
visualized that

d

d
s +1

Z kB T

g( E) ∼

(39)
10

E d −1
(h̄c)d

N (T ) ∼

(k B T )d
(h̄c)d

(41)
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In particular for d = 2, the graphene
monolayer does indeed satisfy N ( T ) ∼

2
kB T
with U ( T ) ∼ T 3 giving rise to Cv ∼
h̄c
T 2 . On the otherhand for quadratic disper2 2
sion such as E = h̄2mk we find in an arbitrary
spatial dimension d

g( E) ∼

md/2
h̄

d

d

E 2 −1

N (T ) ∼

md/2
h̄

d

d

(k B T ) 2

(42)
As a consequence, for d = 2 the
graphene bilayer satisfies N ( T ) ∼ m2 (k B T )
h̄
with U ( T ) ∼ T 2 giving rise to linear variation of specific heat with temperature. This
kind of analysis also can be applied to some
hypothetical mixed/ hybrid system where
both linear as well as quadratic dispersion
relation appear in the following fashion [35]
s

Figure 5: Dispersion spectra and Specific heat
of two dimensional systems. Reproduced from
reference [35].

surroundings under the assumption that the
temperature difference is rather small. It is
interesting to point out that Newton’s law
of cooling however does not take into the
consideration the fact that a body can cool
by both radiation and convection, it rather
takes only radiation (which is indeed a limitation of this law). One can in fact justify this
law from Stfean-Boltzmann law in the following way. If T0 is the surrounding’s temperature, then in terms of emissivity e and
area A, we can recast Stfan-Boltzmann law
as

 h̄2 k2 2

x
+ h̄2 k2y c2
(43)
2m
In a two-dimensional space, we get the
DOS g( Ex , Ey ) and N(T) as

E=

√
g( Ex , Ey ) ∼

√
N (T ) ∼

m

m 1
√
h̄2 c Ex

(k B T )3/2

(44)
h̄ c
In Figure 5, we summarize the above results in a pictorial way.
2

6. Newton’s law of cooling
The law of cooling due to Newton states that
the rate of loss of heat by a body, due to radiation, is directly proportional to the temperature difference between the body and the
35/01/01

−

 d

d
dQ
+1
= Aeσ T s +1 − T0s
dt

(45)

Now assuming T = T0 + x where x being small temperature, we can rewrite as
11
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8. Set of Problems
−

d
h
i
d
dQ
x  s +1
+1
= AeσT0s
1+
−1
dt
T0

d
d
= AeσT0s 1 +
( T − T0 )
(46)
s

1. The filament of a light bulb is cylindrical with length l = 20mm and radius
r = 0.05mm. The filament is maintained
at a temperature T = 5000K by an electric current. The filament behaves approximately as a black body, emitting
radiation isotropically. At night, you
observe the light bulb from a distance
D = 10km with the pupil of your eye
fully dilated to a radius ρ = 3mm.

If m and CV be the mass and specific
heat at constant volume of the material of
the black body, then the rate of charge of
temperature follows a simple differential
equation given by
d
d
dθ
s
= AeσT0 1 +
( T − T0 )
− mCV
dt
s

(a) What is the total power radiated
by the filament?

dθ
= Kd ( T − T0 )
(47)
dt
Thus, although Newton’s law of cooling is valid for the instantaneous rate
of change of the temperature, however,
through the equation (47) we can get the
complete history of the temperature fall of
the body. Since Kd essentially depends on
the arbitrary dimension d, the rate of fall
of temperature will be different in different
spatial dimensions. The rate of fall will be
faster in three dimension compared to two
and one dimensional space.

−

(b) How much radiation power enters
your eye?
(c) At what wavelength does the filament radiate the most power?
(d) How many radiated photons enter your eye every second? Is
this signal detectable by a human
eye? You can assume that the average wavelength for the radiation
is λ = 600nm. [Ans. (a) 220
W (b) 4.95 × 1012 W (c) 580 nm (d)
1.5 × 107 photons/s; Yes]

7. Conclusions
2. Cosmic Microwave Background (CMB)
is a black body radiation whose temperature is 2.725 ± 0.002 K. Using
Wien’s displacement law, compute the
peak wavelength and frequency of this
CMB. Which particular region of electromagnetic radiation does it belong to?
Hence, sketch a typical radiation spec-

To conclude, we have discussed the various
features of black body radiation emanated
by particles with a dispersion relation ω ∼
ks (s > 0) in an arbitrary spatial dimension d.
As a result, Stefan-Boltzmann’s law also depends on both the spatial dimension d and
the power s of the dispersion law.
35/01/01
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tra. [Ans.(a) 1.063 × 103 m, 283 GHz, Radio wave]

energy exchanges reach equilibrium. Is this equilibrium stable?
h̄c3
. See [9]
Explain.[Ans. (i) 8πGk
BM
for more exotic problems on black
holes based on dimensional analysis.]

3. Stephen Hawking showed that entropy
of the non-rotatong uncharged black
hole as
S=

k B c3 A
4Gh̄

4. An unknown magnetic sample shows a
straight line graph with non-zero intercept when TC3/2 is plotted against T 3/2 ,
where C is the specific heat at low temperature. Is it possible to identify the
nature of the magnetic sample? How
will the specific heat change when the
dimensionality of the system changes to
two? [Ans; Ferromagnetic Insulator in
three dimensions. C2d = AT + BT 2 .]

where A is the area of the blackhole
given as 4πR2S with RS = 2GM
.
c2
(a) Argue that the above formula is dimensionally correct.
(b) Compute the temperature (θ H ) of
the black hole.
(c) If the black holes radiate according
to Stefan-Boltzmann law, then
they will lose mass. Assuming the
rate of change of mass is given by
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4
c2 dM
dt = − AσT .

Find the variation in the mass of
blackhole as a function of time.
Now, assuming the initial mass
M (0) = 2 × 1011 Kg, show that the
black hole evaporates in a time of
t = 7 × 1011 second, which is nothing but the age of the universe.
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Abstract

According to Larmor’s formula, an accelerated charge radiates electromagnetic power
at a rate proportional to the square of its acceleration [1, 2, 3, 4]

We show that in the case of a uniformly
accelerated charge, in its instantaneous rest
frame, there is only a radial electric field as the
acceleration fields strangely get cancelled at all
distances by a transverse term of the velocity
fields. Consequently, no electromagnetic radiation will be detected by any observer from a
uniformly accelerated charge, even in the far-off
zone. This is in contradiction with Larmor’s
formula, according to which a uniformly accelerated charge would radiate power at a constant
rate, which is proportional to the square of the
acceleration. On the other hand, the absence of
radiation from such a charge is in concurrence
with the strong principle of equivalence, where
a uniformly accelerated charge is equivalent
to a charge permanently stationary in a
gravitational field, and such a completely timestatic system could not be radiating power at all.

35/01/02

Introduction

2e2 v̇2
.
(1)
3c3
However, the net rate of momentum loss to
radiation by such a charge is nil

P=

ṗ = 0 ,

(2)

because of the azimuthal symmetry (∝
sin2 φ) of the radiation pattern, at least in
the case of a non-relativistic motion [2, 3, 4],
and consequently the formula leads to a violation of the energy-momentum conservation law [5]. Moreover, from the strong principle of equivalence, a uniformly accelerated charge is equivalent to a charge permanently stationary in a gravitational field [6]
and in such a completely time-static system,
there cannot be radiation of power at any instant, let alone a continuous radiation for an
indefinite time interval.
1
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celeration g (= γ3 v̇), can be written for any
given time t as [2, 3, 4, 7]

e(n − v/c)
E =
2
2
γ r (1 − n · v/c)3

e n × (n × g)
+ 3 2
γ rc (1 − n · v/c)3 t0
B = n×E,
(3)

From a careful scrutiny of the electromagnetic fields of a uniformly accelerated
charge, we shall show that there is no electromagnetic radiation anywhere, not even
in the far-off regions. As we will explicitly demonstrate, this happens because the
acceleration fields get cancelled neatly by
a transverse component of velocity fields,
at all distances. As a result, there is no
Poynting flux with a term proportional to
the square of acceleration, usually called the
radiated power, implying thereby that no
electromagnetic radiation takes place from a
uniformly accelerated charge.

2

where the subscript t’ indicates that quantities within the square bracket are to be evaluated at the corresponding retarded time
t0 = t − r/c.
Now, for a one-dimensional motion
with a constant proper acceleration g, the
velocity v at the retarded time t − r/c is
obtained from its present value vo at time t
(with γ, γ0 being the corresponding Lorentz
factors) as

Electromagnetic fields of a
uniformly accelerated charge –
no evidence of radiation
anywhere

γv = γ0 v0 − gr/c .

Therefore, in the instantaneous rest-frame
(v0 = 0), the proper acceleration and the
retarded value of the velocity are related by
γv = −gr/c. Basically this happens because
for larger r, we need to go further back in
time to get the time-retarded value of velocity, which, in the case of a uniform acceleration, is directly proportional to the time interval r/c. Substituting for g in Eq. (3), and
after a rearrangement of terms, we get the
electric field in the instantaneous rest-frame
as


e(n − v/c − n × {n × v/c})
E=
. (5)
γ2 r2 (1 − n · v/c)3
t0

A uniformly accelerated motion usually implies a motion with a constant proper acceleration, say, g. We may assume it to be a
one-dimensional motion, as we can always
transform to another inertial frame so as to
make the component of the velocity vector
in a direction perpendicular to the acceleration vector zero.
We shall now explicitly demonstrate
that in the instantaneous rest frame of a
charge with a constant proper acceleration,
there is a complete cancellation of acceleration fields by a transverse term in the timeretarded velocity fields at all distances.
Electromagnetic fields of a charge e,
moving in one dimension with a proper ac35/01/02

(4)

Using the vector identity n × (n × v) =
n(n.v) − v, we get the expression for the
2
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electric field in the instantaneous rest-frame
of a uniformly accelerated charge as


en
E=
,
(6)
γ2 r2 (1 − n · v/c)2 t0

B)/4π, Eq. (7) yields for the Poynting flux
through a spherical surface, Σ of radius r [9]

where there is only a radial electric field
with respect to the charge position at the
retarded time, with the transverse acceleration fields in Eq. (3) having got cancelled
by transverse component of velocity fields,
for all r. There is thus neither any magnetic
field nor Poynting flux anywhere and therefore no observer would detect any radiation
at whatever distance, in the instantaneous
rest frame.
This in turn is in agreement with the
strong principle of equivalence where a
charge permanently stationary in a gravitational field, and thereby with no whatsoever
temporal variations, and which is equivalent to a charge having a constant proper acceleration [6], cannot be continually radiating [8, 9].
At any other time, when vo 6= 0, in addition to the radial term in Eq. (6), we also
have a transverse term for the electric field

en
E =
2
2
γ r (1 − n · v/c)2

en × {n × γ0 v0 /c}
. (7)
+ 3 2
γ r (1 − n · v/c)3 t0

We see that the Poynting flux falls rapidly
with distance (S → 0 as r → ∞). Here we
find no term independent of r and proportional to v̇2 , that is usually defined as the
radiated power, implying thereby, no radiation from a uniformly accelerated charge.
To fully comprehend its physical implications, we replace the uniformly accelerated charge at its position at the retarded
time t0 , by a charge moving with a uniform
velocity v0 (equal to the “present velocity”
of the accelerated charge). The electric field
for such a charge can be written as
#
"
e(n − v0 /c)
E =
γ02 r2 (1 − n · v0 /c)3 0
t
"
en
=
2
2
γ0 r (1 − n · v0 /c)2
#
en × {n × γ0 v0 /c}
+ 3 2
, (9)
γ0 r (1 − n · v0 /c)3 0

S=

Σ

dΣ (n · S) =

2e2
(γ0 v0 )2 .
3cr2

(8)

t

where we have used the vector identity v0 =
n(n.v0 ) − n × (n × v0 ).
Now, in this case too we get the same
Poynting flux (Eqs.(8)) through a spherical
surface around the retarded position of the
charge. This is true for any r. As for a
charge moving with a uniform velocity, a finite Poynting flux certainly does not imply
power being radiated away from the charge,
it is merely due to the movement of the
charge along with its self-fields, with a ve-

Now the transverse terms, proportional to
the present velocity γ0 v0 , fall rapidly with
distance (∝ 1/r2 ); the Doppler beaming factor δ3 = 1/γ3 (1 − n · v/c)3 merely redistributing the field strength in solid angle
without affecting the net Poynting flux at
any r. From Poynting vector, S = c(E ×
35/01/02
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locity v0 with respect to the retarded position upon which the spherical surface is centred. Same is the case of a uniformly accelerated charge which has a “present” velocity
v0 with respect to its retarded position and
therefore it does not represent any power
being radiated away from the charge.

3

ergy, therefore the left hand side can only
be zero, while the right hand side yields a
finite result for the Poynting flux (proportional to square of the acceleration of the
charge, with no dependence on velocity).
Therefore the derivation of Larmor’s formula (Eqs.(1)) employing Eqs.(10) may not
be a legitimate one and it is this oversight
which could mostly be responsible for the
confusion in this century-old problem.

What is amiss in Larmor’s
radiation formula?

It is important to note that in the case
of a periodic motion of period T, there is no
difference in the radiated power integrated
or averaged between t to t + T and t0 to
t0 + T, therefore Eq.(10), and thereby Larmor’s formula, does yield a correct average
power loss by the charge for a periodic case.
Further, for a periodic motion, e.g., a harmonically oscillating charge in a radio antenna, it is easily verified that < v̇2 >=<
−v̈ · v > [10], therefore Larmor’s formula
(Eqs.(1) yields the same time-averaged radiative power as from the formula derived
from the famous Abraham-Lorentz radiation reaction formula [11, 12, 13, 14, 15],
where one gets instantaneous power loss of
the charge (in a non-relativistic motion) as
[10]

A pertinent question that could arise here
is: If a uniformly accelerated charge does
not radiate, which contradicts Larmor’s formula, does it mean that Larmor’s formula is
invalid? How could this issue be resolved?
Actually, in the text-book derivation of
Larmor’s formula (Eqs.(1)), Poynting’s theorem is improperly applied to equate the radiated power at time t to the rate of loss of
the mechanical energy (Eme ) of the charge at
a retarded time t0 = t − r/c



Z
dEme
=−
dΣ (n · S)
.
(10)
dt t0
Σ
t
However, in Poynting’s theorem all quantities are supposed to be calculated for the
same instant of time [2, 3, 4], say, t and one
cannot directly calculate the rate of loss of
the mechanical energy (Eme ) of the charge
at a retarded time t0 = t − r/c from the radiated power at time t.
That Eq. (10) could lead to wrong conclusions can be seen by applying it to the
case of an accelerated charge that is instantly
stationary at t0 . The charge has no velocity at that instant and hence no kinetic en35/01/02

P=−

2e2
v̈ · v .
3c3

(11)

However, in a non-periodic motion, as in
the case of a uniform acceleration, Larmor’s
formula does lead to wrong conclusions.
Once this fact is realized, much of the doubt
or confusion in this long-drawn-out controversy disappears.
4
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Electromagnetic fields in terms
of the “real-time” motion of

component Bφ ) is an odd function of time,
i.e., B(t) = −B(−t), with B = 0 at t = 0.
Thus there is no Poynting vector, (∝ E × B),
seen anywhere at t = 0. Further, at any
given location, the Poynting vector at time
t is equal and opposite to its value at −t.

the charge
It is possible to solve the expression for electromagnetic fields of a uniform accelerated
charge, not necessarily in terms of motion of
the charge at retarded time as in Eqs. (7), instead wholly in terms of the “real-time” motion of the charge [16]. Now, without any
loss of generality, we can choose the origin
of the coordinate system so that α = c2 /g,
then the position and velocity of the charge
at a time t are given by zc = (α2 + c2 t2 )1/2
and v = c2 t/zc . Due to the cylindrical symmetry of the system, it is convenient to employ cylindrical coordinates (ρ, φ, z). The
electromagnetic fields at time t can then be
written as [17]

Now at t = 0, any radiation emitted in
past at any time (say, t = −t1 < 0) should be
visible as a Poynting flux passing through a
spherical surface of radius r1 = ct1 around
the corresponding retarded position of the
charge. But the fact that the Poynting vector is seen nowhere at t = 0, implies absence
of any radiation emanating from charge at
all t = −t1 < 0. Moreover, corresponding
to any event on the charge trajectory even at
t > 0, we can always find an inertial frame
which is the instantaneous rest frame of the
charge, and in that frame we can thus conclude that no radiation has taken place from
the charge at any past event which is in conformity with the assertion that no radiation
ever takes place from a uniformly accelerated charge. Incidentally, Pauli [18], exploiting Born’s solutions [16], drew attention to
the fact that in the instantaneous rest-frame
of a uniformly accelerated charge, B = 0
throughout, and from that he inferred that
there might be no radiation for such a motion.

Eρ = 8eα2 ρz/ξ 3
Ez = −4eα2 (z2c − z2 + ρ2 )/ξ 3
Bφ = 8eα2 ρct/ξ 3 ,

(12)

where ξ = [(z2c − z2 − ρ2 )2 + 4α2 ρ2 ]1/2 . The
remaining field components are zero. Our
discussion pertains to the region z + ct > 0
because fields only within this region could
have any causal relation with the retarded
positions of the charge [17].
The charge happens to be at the same
location at times t and −t, i.e., zc (t) =
zc (−t). Then from Eq. (12) it can be seen
that the electric field E (with components
Eρ , Ez ) is an even function of time, i.e., at any
given location (ρ, φ, z), E(t) = E(−t). On
the other hand, the magnetic field B (with a
35/01/02

It has been said in literature that the radiation emitted by a uniformly accelerated
(or decelerated) charge goes into regions of
space-time inaccessible to a co-accelerating
observer [19]. For instance, there are discontinuous δ-fields present in the z = 0 plane
5
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through surface Σ at time −t1 . This assertion
is true for any spherical surface of any radius around the charge, and is therefore not
consistent with there being always an outflow of radiation from a surface surrounding an accelerated (or for that matter even
a decelerated) charge, as given by standard
radiation formulas.
The electromagnetic field energy in a
volume V is given by the volume integral

at time t = 0, and it is the conjecture that
all the radiation emitted by the charge during its uniform acceleration until t = 0 has
gone into these δ-fields [20]. However, these
δ-fields could have no causal relation with
the charge during this period, instead the δfields have causal relation with the charge
at time t = −∞ and actually represent the
original velocity fields of the charge prior to
the onset of acceleration at that time [9]. The
energy in the δ-fields could, at most, be representing the energy loss by the charge due
to a rate of change of acceleration (Eq. (11)),
when the acceleration rose from initial zero
value to attain a final constant value, g, at
t = −∞. It has been explicitly demonstrated
[9] that there is no Poynting flow across the
z = 0 plane at t > 0 and that the field energy in regions of space-time inaccessible to
a co-accelerating observer actually appears
at the cost of a steady reduction of energy in
δ-fields.

1
8π

Z
Σ

dΣ (n · S)

(13)

at time t1 is equal and opposite to that at
−t1 . Thus while there may be an outflow of
Poynting flux through surface Σ at time t1 ,
but there is an equal inflow of Poynting flux
35/01/02

V

dV ( E2 + B2 ) .

(14)

The field energy density, ( E2 + B2 )/8π, being equal at times t1 and −t1 , its volume integral over any chosen V , even in some far-off
zone, is also equal at times t1 and −t1 . Actually, from detailed calculations it has been
shown [9] that the total electromagnetic field
energy in the case of a uniformly accelerated
charge, including the contribution of the acceleration fields as well, at any instant is
very much the same as that of a charge moving uniformly with a velocity equal to the
instantaneous “present” velocity of the accelerated charge. Thus as the charge velocity increases (during the acceleration phase),
its net field energy would increase accordingly and the outflow of Poynting flux represents the increasing field energy. On the
other hand, as the charge slows down (during the deceleration phase), its net field energy accordingly decreases and the inflow of
Poynting flux represents the decreasing field
energy in the space throughout.
This deduction is reinforced by the fact
that the field energy of the charge is the

Now, let Σ be a fixed finite spherical surface surrounding the charge at t1 . The same
surface Σ surrounds the charge at −t1 as
well, because zc (t1 ) = zc (−t1 ). The Poynting vector at any point on the surface Σ at
time t1 is exactly equal but opposite to its
value at time −t1 . Therefore Poynting flux
through Σ

S=

Z

6
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same at t1 and −t1 since the charge at those
two instants is moving with equal speeds
(even if in opposite directions). However,
there is no trace of any additional energy in
electromagnetic fields corresponding to the
energy radiated in the intervening period.
One can also compute the electromagnetic field momentum contained within a
volume V from
Z
1
dV (E × B).
(15)
4πc V
Since B = 0 at t = 0 (Eq. (12)), there is
no momentum in the electromagnetic fields
anywhere, in the instantaneous rest frame.
Further, for t 6= 0, from Eq. (15) in
conjunction with Eq. (12), the electromagnetic field momentum within any chosen V ,
even in some far-off zone, is not only equal
but in opposite directions at times t1 and
−t1 . Now, this fits the expectation that
since the charge occupies the same location but has equal and opposite velocities
at t1 and −t1 , any given volume element
should contribute to the self-fields equal and
opposite field momentum, proportional to
the “present” velocity, at t1 or −t1 . From
the cylindrical symmetry of electromagnetic
fields (Eq. (12)), it is easily seen that the
net electromagnetic field momentum, integrated over all space, is directly proportional to the instantaneous velocity v of the
charge. However, there is no trace of any
additional momentum being carried away
by radiation fields which would even otherwise have different angular distributions,
due to Doppler beaming along opposite directions of velocities, at t1 and −t1 .
35/01/02

Conclusions

We showed that contrary to the predictions
of Larmor’s/Liénard’s radiation formula,
no observer anywhere would detect any radiation from a uniformly accelerated charge,
in agreement with the absence of electromagnetic radiation from such an accelerated
charge. This conclusion is also in accordance
with the strong principle of equivalence.
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Abstract

reasonably large counts within 4 hours so
that data can be utilised to obtain half life of
212 Bi. The best obtained half life of Bismuth
from the counts saved after every 20 minutes has been determined to be 62.77 ± 0.79
minutes which is close to the expected value
of 60.55 ± 0.30 minutes.

We present various aspects involved in performing alpha spectroscopy experiments using non-enriched ThNO3 salt. The experimental design is improved in a cyclic fashion to bring forth the importance of thin
film preparation of the radioactive source,
and creating vacuum in reducing the energy losses due to self-absorption and air
scattering respectively. Thin film preparation using electrolysis of ThNO3 aqueous solution has been optimized for current and
time to selectively deposit 212 Bi. The obtained spectrum had large peaks at 6093
keV and 8753 keV with resolutions of 2.10%
and 2.90% and relative percentage errors of
0.59% and 0.35% respectively. These peaks
had intensity ratios of 33.2% : 66.8% matching with existing values in Nuclear Data
Tables. Then the concentration (ratio of
ThNO3 :water) has been increased to obtain
35/01/03

1

Introduction

UGC guidelines [1] 2015 for B.Sc. Hons
in Physics has included a course on Radiation Safety, with 30 lectures, and insists on
a set of experiments to be performed using
GM counters for radiation detection, Spark
counter for alpha detection and Gas Light
mantle (source of Thorium) for obtaining
gamma spectrum. While this course is one
of the skill enhancement courses, the discipline specific elective paper on Nuclear and
Particle Physics is loaded with 5 credits and
only a Tutorial of 1 credit with no lab work.
1
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There are two major difficulties for proposing a nuclear physics lab at both the UG and
PG level: The high cost involved in procuring nuclear instrumentation, and the need
for radiation safety.
Realising the need for dissemination of
knowledge in experimental nuclear physics
and the need to create awareness regarding radiation at the UG/PG level in various
colleges, Dr.Ajith has taken initiative under
the outreach programme of Inter University Accelerator Centre (IUAC), and along
with Er. Satyanarayana, developed an alpha spectrometer [2] with associated software in python, all of which are made as
open source.
CSpark Research (India) has adopted their
basic hardware design comprising of a preamplifier and shaping amplifier and redesigned it with enhanced detector and vacuum solution along with a 1K MCA and
a user friendly featured software CN-Spec
and made it available in the market at very
low cost of less than Rs.50,000/-.
Our PER group at Central University of Himachal Pradesh is working on developing
a Nuclear Physics lab based on good practices found through research such as (a) establishing learning goals (b) designing activities, simulations and experiments and accordingly revise the curriculum to achieve
the desired learning goals and finally (c) create appropriate rubrics to provide precise
assessment.
To realise these objectives, we need to address the disadvantages pertaining to cost

35/01/03

and safety. In this paper, we are focusing on using CSpark Research’s low cost
alpha spectrometer (’AlphaSpec-1K’) [3]
to perform experiments with non-enriched
Th( NO3 ) salt which is available from suppliers of chemicals at a reasonable cost of
about Rs.5000/- for 100gm.
In the presentation of this paper, we have
chosen to follow closely the advanced lab
learning goals suggested by University of
Colorado, Boulder in [4]. The goals are classified into the following four categories:
1. Modeling (Physical system, measurement apparatus, predicting outcomes
and using statistical analysis for comparison)
2. Design (Apparatus, experiments, and
troubleshooting )
3. Communication
(Argumentation/
thorough analysis and discussion, oral
and poster presentation, writing papers
etc)
4. Technical lab skills (Basic test and measurement, computer interfacing, computer aided analysis)
The actual listing is available at [4].
In this paper, we shall be focussing on incorporating learning goals about modelling
lab experiments based on the experiment
involving alpha spectrum of 212 Bi. We shall
restrict our scope to suit the learners at the
UG level.

2
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2

Modeling

observable phenomenon, in this case, the
alpha energies that are emitted by 212 Bi and
its half-life.
Typically, modeling the alpha decay should
have been done using Gamow’s theory as presented in various books [ [6][10]]and notes [[11]-[14]. Here, the focus
being 212 Bi, which is an odd-odd nuclei,
undergoing both α and β decays with
significant branching ratios, it is difficult
for existing theoretical models as well as
phenomenological models such as those
using Viola-Seaborg formula [13] to predict
its half-life accurately. So, for the sake of
making predictions, we resort to already
existing experimental data as a basis.
The expected alpha energies of the radioactive decay chain of Thorium-232 are
obtained from ENSDF website [12]. These
are compiled in Table.1 and labelled from
A-G. An alpha-energy is considered only if
it has an intensity of atleast 1% or above.
Now, looking specifically at 212 Bi, we observe that it has an α-branch with 35.94%
and a β-branch with 64.06%. Interestingly,
this is the only nuclei among all those
appearing in the four naturally occuring
radioactive series to be having such a significant branching ratio. Its α-decay proceeds
majorly to two closely lying levels in the
daughter nucleus 208 Tl, with 69.91% and
27.12% towards 6050.78 keV and 6098.88
keV α-energies respectively. If the spectrometer has resolution poorer than 50 keV, it
would not be possible to resolve these two
peaks and one would obtain a single peak

In this experiment, designing lab specific
learning goals based on modeling framework involves
1. understanding the source, its preparation and characteristics
2. interaction medium, which consists creating a vacuum within the sourcedetector housing assembly using a rotary vacuum pump
3. measurement process, which has the
detection electronics hardware followed by the data acquisition software
along with its various features
2.1

Modeling the Source

The source is a non-enriched radioactive sample composed of thorium nitrate
(Th( NO3 ).5H2O) in powder form which has
232 Th and its various daughter products
available via alpha and beta emission. Especially, we are focussing on studying:
1. The α spectrum of 212 Bi, one of the final daughters in the series, which results from the process of preparation
of thin film source required for reducing the alpha energy losses due to selfabsorption.
2. The half-life of 212 Bi
The learners’ goals are to (i) model the
radioactive decay of alpha theoretically and
(ii) obtain the quantitative predictions of
35/01/03
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at the weighted average of the two given by
6061.71keV. Its β decay daughter 212 Po has a
100% α-decay route with an extremely short
half-life of only 299 ns and hence gives rise
to a large peak at 8785 keV. In fact, once
again, this is the minimum half-life and the
maximum energy for any nuclei appearing
in all the naturally occuring radioactive
series.
The expected half-life for 212 Bi taken from
Nuclear Wallet Cards [15] is 60.55 ± 0.30
mins. This could be verified from either of
the two branches of 212 Bi, as the daughter
from its β-decay has negligible half-life.
Finally, students should be made aware of
safety issues to be followed while handling
the radioactive source. Even though it is a
non-enriched source, one should not touch
the powder with bare hands, and must take
care to never ingest any.

2.2

considering the following points:
1. The detector which is also sensitive to
light photons needs to be housed inside
a chamber, so that only alphas register
their energy inside its active volume.
2. Since alpha particles lose energy due to
scattering as they pass through air , we
need the source also to be placed in an
air tight chamber so that vacuum can be
created.
Keeping these points in view, the physical
system is designed (see Figure-1) to have an
air-tight stainless steel chamber(1) for housing the source and detector. The inner dimensions of the chamber allow for variation
of source-detector distance upto 25 mm.
In order to create the required vacuum, a
1/5 BHP rotary vane pump (2) in Figure1, fitted with a pressure gauge (3) and two
valves (A and B) are utilised. While closing
the vent valve (A) cuts off the atmosphere
from the chamber, the series valve (B) connects the vacuum pump to the chamber to
evcuate it down to 1 mbar.

Modeling of Physical System

’AlphaSpec-1K’ alpha spectrometer setup
(shown in Figure 1) contains the physical system (source-detector housing assembly along with vacuum pump) and the
measurement apparatus (detector electronics hardware along with data acquisition via
the USB port of a computer, and its associated software ’CNSpec’.
The physical system in the context is the
interacting medium. This leads to another
learning goal from the lab point of view.
That is, students should gain appreciation
with regards to the interacting medium by
35/01/03

2.3

Modeling of Measurement
Apparatus

The next important learning goal is to model
the measurement process so that it does not
merely remain a black box for the students,
and that instead they understand the principles of operation, key model parameters,
and limitations on the ideal functioning of
the apparatus [4]. The detailed modeling of
4
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Table 1: The radioactive decay chain of 232 Th with alpha energies and their respective intensities are complied from ENSDF [12] and labelled from A to G. Only those alphas which
have more than 1% intensity are considered. Beta emissions are also shown, but only for the
sake of clarity and completeness.

35/01/03
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the apparatus is discussed in a seprate paper by us [7] to keep this paper from becoming lengthy and also to retain focus on experimentation. Here, we only give a very
brief description of the hardware and software specifications.
The Silicon PN junction detector is reverse
biased with 9 Volts, and electronic circuits
of Pre-amplifier, Shaping amplifier, Peak detector and ADC followed by 1K MCA are
integrated at the top part(Figure 1:1(T)) of
the chamber to avoid signal losses. The output of the 1K MCA is acquired via USB and
is displayed by ’CNSpec’ software provided
freely along with the spectrometer.
Hardware Specifications: The design of the
electronics is such that the detection system
is capable of measuring alpha energies upto
10 MeV with a resolution of 80 KeV for 5.485
MeV energy. The various stages of signal
processing electronics are shown as an inset
in Figure 1.
At the lower end of the spectrum, spurious
events are recorded due to the noise fluctuations in the absence of a signal. In order
to reject this, the first 100 channels are not
considered while acquiring spectra. Software Features: The instrument is factory
calibrated using 241 Am which is a monoenergetic alpha source. For our instrument,
the peak energy of 5485 keV was recorded
to be at a centroid value of 495.6 channel.
Using this, we can apply a single point calibration. For e.g., the threshold energy corresponding to channel no. 100 using this calibration would be around 800 keV.

35/01/03

The following analytical features are included in the software :
• Curve fitting against standard gaussian function for obtaining the centroid
of the peaks. This includes an optional low-energy tail which follows a
Lorentzian distribution.
• Summation of counts in a chosen interval to estimate total events from a
source which may be spread across a
range of adjacent channels due to various reasons such as scattering, noise etc.
• Multi-point calibration with several
known peak values.

3

Experimental Design

The design aspect involves varying a particular input parameter, while controlling the
rest of the parameters to study the impact on
the output obtained. The various aspects involved in the design of the experiment being
performed will be based on our understanding of the interactions present. Since, the detection system is already fine tuned by the
manufacturer to obtain well resolved spectra, we need to focus only on understanding
the source characteristics and interaction of
emitted alphas with the environment before
reaching the detector.
Typically the radioactive sources that are
bought from manufacturer or those obtained from any agencies such as DAE or
BARC, would be packaged in the form of
a disc of small size smeared with a small
6
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Figure 1: Complete experimental setup for Alpha Spectrometer Alpha-Spec 1K. (1) Chamber
for housing source and detector; (1(T)) Detector electronics; Inset shows flow diagram with
various stages of signal processing; (2) Rotary Vane pump for creating vacuum; (3) Two
way valve with pressure gauge; vent valve (A) to cut of the atmosphere into the chamber
and series valve (B) to connect the the vacuum pump to the chamber to create vacuum (4)
Typical spectrum obtained in PC using CN-Spec software.
quantity of the isotope.
Here, we are
using non-enriched Th( NO3 ) powder obtained from chemical suppliers.
To begin with, let us choose the simplest
setup with the chamber kept at atmospheric
pressure. That is, the vacuum pump is
switched off, and the vent valve is open.

35/01/03

3.1

Spectra of Th( NO3 ) obtained at
Atmospheric Pressure:

In the first iteration, the experiment is performed by simply placing approximately
2gm of Thorium Nitrate powder inside the
chamber at a distance of 2cm from the detector. The vacuum pump is switched off and
the chamber is at atmospheric pressure. The
data is acquired for a period of 2 hours and
7
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Figure 2: Radioactive sources under various attenuating factors; a) Alpha spectrum of Thorium nitrate salt; b) The same salt studied under vacuum; c) Thin film of 212 Bi under vacuum; d) Comparison of 212 Bi spectrum in 1 mbar vacuum and under attenuation due to 1
Bar atmospheric pressure.
the obtained spectrum is calibrated using
manufacturer’s data and is shown in Figure2(a). The energy spectrum does not show
well resolved peaks as expected from 232 Th
given in Table-1, and is instead smeared
over the entire region. A large build up of
peaks appears at the lower end of the spectrum, that is, the cutoff/threshold energy.
Certainly as a first guess, this loss in energy
of alpha particles could be attributed to its
interaction with air. So, the experiment is re35/01/03

peated with vacuum turned on.

3.2

Spectra of Th( NO3 ) obtained at 1
mbar Vacuum:

Again, 2gm of Thorium Nitrate powder is
placed inside the chamber at a distance of
2cm from the detector. Following the instruction of the manufacturer, vent valve is
closed so as to isolate the chamber from the
atmosphere and the series valve is opened to
8
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connect the chamber to the vacuum pump
to evacuate the chamber slowly to reach 1
mBar pressure. The data is once again acquired for a period of 2 hours and the spectrum is shown in Figure2(b). The large peak
which was present near 800keV (channel
100) due to the minimum threshold setting
has certainly been reduced and a sharper
peak has appeared at the far side of the spectrum matching the expected 8785 keV line
of 232 Th series. The rest of the spectrum is
still an enigma. None of the other expected
peaks are clearly defined and are all lost in
a somewhat unexpected background. Now
that the scattering losses due to air are minimized, the only interactions probably are
due to the source itself. If the thickness of
the source were large, then the lines of the
spectrum are broadened to lower energies
which is due to the interaction of alpha particles with various nuclei present along the
various layers. This phenomenon is known
as self-absorption. To reduce the losses due
to self-absorption, we need to prepare a
thin film source. There are different ways
of preparing thin film sources and here we
have chosen to prepare one using electrolysis.
3.3

Spectra of
Vacuum:

212 Bi

as
• The amount of the salt in the aqueous
solution (one can try other solvents) referred to as concentration.
• The type of electrode materials to be
employed: Lead, Aluminium, Copper
etc..
• The amount of constant current (typically in mA) to be passed through the
solution, and the potential difference
maintained between the electrodes.
• The time for deposition; typically a few
minutes.
We have to vary only one of the parameters
while keeping all others fixed, and perform
the experiment to understand the causal
relationship on the quality of obtained alpha
spectrum. This has been taken up in a systematic fashion and the experiments lasted
for almost a year. Here, we only present
and analyse the results for the spectrum
obtained by selective deposition of 212 Bi. In
the initial trail for obtaining the thin film
source, we have dissolved approximately
3 gm of Th( NO3 ).5H2O in 5 gm of water
and performed electrolysis with Lead (Pb)
electrodes by passing 10 mA of current
(with 450 mV potential difference) for 10
minutes. The obtained spectrum is shown
in Figure2(c). Here we have used the single
point calibration using the data provided
by the manufacturer for Am-241 source
(5485 keV energy corresponding to channel
number 495.6). We find that there are two

Source with

The process of preparing thin film sources
using electrolysis is an open-ended experiment in itself. In the course of our efforts,
we have realized that optimizing the electrolysis process has many parameters such
35/01/03
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peaks, at 6093 keV and 8754 keV respectively. Clearly, the second peak corresponds
to the decay of 212 Po. The first peak at 6093
keV is close to those from 212 Bi, but have
not been resolved into separate peaks due
to limitations of the instrument. Specifically,
the FWHM of the Am-241 peak which was
around 80 keV tells us that we must not
expect to observe peaks with lesser spacing
than this to be resolved.

3.4

similar in order to make a comparable study.
The effect of attenuation due to air can be
clearly observed. Since we have already determined that the film deposited yields a
majority of 212 Bi isotope, we can now use
its known energies to apply a two point calibration to the spectrum. Since the lower energy peak seen around 6093 keV is a combination of two energies, a weighted average of 6062 keV has been considered for it.
The higher energy peak has a known energy of 8785 keV. Both peaks have lost energy and shifted to 8100 keV and 5165 keV
from 8785 keV and 6062 keV respectively. It
can also be noted that the higher energy alphas have lost lesser energy as compared to
the ones corresponding to the lower energy
peak. The loss in energy corresponding to
higher energy peak is 684 kev and to that
of lower energy peak is 897 keV. This can
be attributed to the fact that the higher energy alpha particles spend less time travelling through air, and therefore face a lower
chance of getting scattered. The peak amplitudes have reduced from 157.54 to 47 for
peak at 6062 keV and from 319.54 to 114
for peak at 8785 keV. As compared to the
spectrum taken under vacuum, the sharp
peaks previously observed have now spread
over a lot more channels because scattering
is highly probabilistic in nature, and the alpha particles undergo varying levels of scattering and subsequent energy loss depending on the number of air molecules encountered along the way. The lower energy peak
has spread in a wider range of channels as

Effect of air scattering on spectral
lines:

To gain appreciation for the effect of energy
loss due to scattering with air alone, the experiment is repeated with a second set of parameters for the thin film source prepared
with 3.5gms of Th( NO3 ).5H2O dissolved in
5 gm of water, using Pb electrodes and passing current of 19mA (with a potential difference of 350mV) for 10 minutes. The experiment is performed in two steps. Initially
the spectrum is obtained with vacuum for
30 minutes duration and then the vacuum is
turned off and then the vent valve is opened
to release air into the chamber and obtain a
second spectrum.
The orange colored histogram in Figure2(d)
corresponds to the energy spectrum of 212 Bi
thin film in vacuum (1mbar) taken for 30
minutes, and after venting the vacuum and
bringing the chamber to atmospheric pressure, the blue histogram was acquired. Care
was taken to ensure that the total number
of events recorded in both spectra are nearly
35/01/03
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√
156 which is approxiTherefore, σ =
mately 12.5 and so, 2σ is 25. Now, all the energy channels consisting of upto 131 counts
in the vicinity of 6093 are determined to be
varying from 6082 keV to 6104 keV. The energy channel to the left of 6082 keV is 6071
keV and to the right of 6104 keV is 6115 keV.
Hence, the centroid is determined as the average of 6071 and 6115, which is 6093 keV.
The energies at which the no of counts drops
to 78(half the peak values of 156) is 6015 keV
on the left and 6148 on the right, whose difference is the FWHM with a value of 133
keV. The resolution for this peak is given by
(133keV/6093keV)*100 = 2.1%. Performing
a similar analysis for the 212 Po peak, we obtain the centroid as 8753 keV and FWHM
of 254 keV, with a percentage resolution of
2.9%. The energies of Bi and Po along with
the FWHM and % Resolution are tabulated
in Table-2. These values are in agreement
with the known energies which are 6061.71
kev and 8785 keV respectively, with corresponding relative percentage errors of 0.51%
and 0.35%.

compared to the higher energy peak.

4

Results, Analysis and
Discussion

To build the skills of argumentation, one of
the important learning goals in lab work,
we need to quantify the results in a representation that allows for comparison with
the expected outcomes. In our experiment,
firstly, we require to determine the energies
of the various peaks obtained in the spectrum along with an uncertainty range so as
to be able to compare with the expected values in Table-1.
4.1

Determination of Energies in the
Spectrum:

The centroids of these peaks are determined
by manually estimating the channel spread
based on a Poisson distribution [16].
First, the channel/energy that consists of the
highest number of counts, say N, is considered. Then, the standard deviation σ is
√
given by N. All neighbouring channels
whose heights lie within N ± 2 ∗ σ are considered to belong to that peak. Their mean
gives the centroid ’E’ of the peak. The number of counts in the peak corresponding to
’E’ is taken as the maximum and then Full
Width at Half Maximum (FWHM) ’∆E’ is
determined. The resolution of the peak is
given by ’∆E’/E.
Now, consider the peak corresponding to
that of Bi. The energy bin 6093 keV has
the maximum no. of counts given by 156.
35/01/03

4.2

Determination of Intensities of the
Peaks:

The intensity of a peak is determined by taking the total number of counts that have contributed to the peak as they are all supposed
to be from the same alpha energy emitted
by the source. To obtain the total number of counts, we need to choose an interval of energy channels that belong to the
peak. This is done by taking twice the stan11
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Table 2: The energies, FWHM, Resolution, Intensity and Branching ratio for the two peaks
in inset of Figure 4 corresponding to 212 Bi and 212 Po are shown. The best values from
ENSDF/Nuclear data tables are shown below in brackets:

dard deviation(σ) value which corresponds
to 90% of the area under the distribution.
For the Bi peak, the energy interval is chosen
as [5960,6226] and the summation feature
gives us 1811 counts under the peak. Similarly, for the Po peak, we obtain the intensity
within an interval of[8504,9012] as 3640 as
shown in Figure2. A 3σ spread would have
included 99% of the area, however we have
only taken 2σ because of the close proximity
of other peaks from the thorium spectrum
to the peak of 212 Bi decaying to 212 Tl which
will affect the half life estimate if included.

measuring the activity of the source [17],
which is defined as the number of decays
per unit time, and is expressed mathematically as,
A(t) =

dNd (t)
dt

where
Nd (t) = N (0) − N (t)

(2)

is the number of radioactive decay at time
t, N(0) is the radioactive nuclei at time t=0
and N(t) is the number of nuclei left in the
sample at time t expressed as
N (t) = N (0)e−λt

4.3

(1)

(3)

Determination of Half-life:
where λ is the decay constant.
Hence activity can be further expressed as;

Consider the spectrum, shown in inset of
Figure-4, obtained for 4 hours with thin film
prepared using the second set of parameters
and placed in vacuum. It has two well
defined sharp peaks and all the losses due
to air scattering and self-absorption seem
negligible. During the course of obtaining
the spectrum, the intensities of both the
peaks are saved after every twenty minutes
for determining the half-life of Bi. Experimentally, the half life is determined by
35/01/03

A(t) =

dNd (t)
dN (t)
=−
= λN (t)
dt
dt
(4)
= [λN (0)]e−λt = A(0)e−λt

In our experiment, we determine the total
number of counts I(t), obtained using the
summation option in the software. These
counts I(t) is directly proportional to the decayed nuclei per unit time, whose alphas
have been registered by the detector at a
12
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Figure 3: a) Log plots for counts per unit time obtained for both 212 Bi peaks as well as their
sum in twenty minute intervals. b) Half life calculations for 212 Bi spectrum peaks at 6062
keV and 8785 keV using least square fit with a standard exponential decay function.
particular energy. The software’s data logger utility saves these counts I(t) related to a
peak at regular intervals of time ∆t as specified by the user. Here, we have choosen to
save the total counts in twenty minutes interval.
d
Now, approximating A(t) as ∆N
∆t (reflected
∆I (t)
as ∆t ), we can rewrite eqn (4) as
∆I (t) = [∆tA(0)]e−λt = I (0)e−λt

the decay constant should remain the same
through both the α and β− branches [8]. The
obtained decay constants are used to fit the
actual data with exponential functions. This
approach is followed because students can
easily get confused by looking at the seemingly different exponential decay plots.
4.4

(5)

The half-life is given by t1/2 = 0.693
λ . Hence,
0.693∗δλ
its uncertainty is δt1/2 =
. δλ is obλ2
tained by determining the standard deviation in the slope of the regression data, given
by:
s

where ∆I (t) = I (t + 20) − I (t) is the
counts obtained in particular twenty minutes interval.
The counts data is obtained for the two
peaks as P1 (6062 keV) and P2 (8785 keV)
and their sum as Sum (P1+P2). The plots of
log(∆I ) vs t fitted with linear regression are
shown in Figure 3(a).
The decay constants given by the slopes
of the respective lines are shown in Table
3. The observation that the three fitted
lines are almost parallel reflects the fact that
35/01/03

Uncertainty in Half-life

1
n
2
n−2 Σi =1 ( yi − ŷi )
Σin=1 ( xi − x̄ )2

(6)

The obtained standard deviation for
three regression data are tabulated in Table
3. The half-life and its uncertainty for each
of the data is determined and presented in
Table 3. The best value for half-life is found
13

www.physedu.in

January - March 2019

Physics Education

Table 3: The curves P1 and P2 belong to Bi and Po respectively. The decay constants and
their respective standard deviations from linear regression and the corresponding half-lives
with uncertainties are presented below.

dicted ones closely.

to be 62.77 Min with an uncertainty of 0.79
Min from the data, corresponding to that of
P2, and this is because the peak is well defined with no adjacent peaks as compared
to P1 which has combination from overlap
of other Thorium daughters. The overall
half-life is slightly greater than the expected
value of 60.5 min with an error of 3.66%.
This is because the thin film source contains
small quantities of parent products of 212Bismuth resulting from the 232-Thorium series, which would to some extent replenish
Bismuth nuclei within the sample over time.
4.5

5

We have used a non-enriched radioactive
source Th( NO)3 salt in powder form to prepare a thin film source of 212 Bi using electrolysis.
The α spectrum obtained by placing the
source inside the airtight chamber at 1mBar
vacuum for a period of four hours, has two
peaks at 6093 keV and 8753 keV with resolution of 2.1% and 2.9% respectively. They
match the expected values for 212 Bi and
212 Po to an accuracy better than 1% . The
half-life of 212 Bi is obtained by determining
the activity over 20 minute intervals, and the
best value obtained from the distinct 8753
keV peak is found to be 62.77 ± 0.79 minutes, which matches the expected value of
60.55 ± 0.30 minutes to an accuracy of 3.5%.

Low Intensity Peaks in the
Spectrum:

To observe the alphas being accumulated
from other nuclei in the radiactive series of
232 Th, we magnify the counts axis by a factor of 35. The peaks corresponding to those
expected from Table 1, are identified with
respective letters in brackets, and their energies (determined using Poisson distribution) are indicated in Figure 4. The obtained energy values match with the pre35/01/03

Conclusions

The other possibilities such as alphaspectrum analysis by preparing different
thin film sources and study of linear absorption co-efficients of different materials
14
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Figure 4: Spectrum obtained over a period of 4 hours from a thin film of 232 Th under 1mbar
pressure showing prominent peaks for 212 Bi, as well as trace amounts of other isotopes. The
spectrum has been expanded along the Y axis to exaggerate the small peaks formed by these
trace isotopes. The complete spectrum is shown as an inset.
such as aluminium makes for exciting set
of experiments for both UG and PG nuclear
physics lab.

6

[2] http://www.iuac.res.in/~elab/
phoenix/experiments/mca.html
[3] https://csparkresearch.in/
alphaspectrometer/
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Abstract

2. Positive and Negative Clipper

Clipping circuits which help in removing
positive or negative part of waveform are
often found difficult to understand when it
comes to analysing the circuit and
predicting the output waveform. Learning is
enhanced only if the circuits are analysed
critically. This article analyses clipping
circuits in depth and suggests creative ways
to understand them.

First we start with basics to that of
differentiating between a positive and a
negative
clipper. If the positive half of signal is
clipped then it is called positive clipper and
if the signal’s ngative half is clipped then it
is called negative clipper. Further whether
the diode is connected in series or in
parallel with the output the clipper is called
series or shunt clipper respectively.
If we only ask students which half of the
signal is clipped to understand whether it is
a positive clipper or a negative clipped we
will be lacking in providing them an
insight. We should ask students instead to
simultaneously observe both input and
output waves so that they can observe the
effect of using the circuit on input wave.
Ask them to compare peak to peak voltages
and also the time period. Amplitude of
input

Keywords: clipping, transition voltage
1. Introduction
Performing electronics experiments is a
challenging task, considering the fact that if
you happen to make wrong connection you
can even end up shorting a component. So
if we analytically perform electronics
experiments the probability of making a
faulty connection reduces drastically. One
such undergraduate electronics experiment
is that of a clipping circuit. A clipper is a
circuit that removes either positive or
negative parts of a waveform.1
Depending on whether diode is
connected in series or in shunt position it is
called series or shunt clipper respectively.
Further if external battery supply is applied
it is called a biased clipper. Now the
question arises how to make students
understand clippers profoundly?

35/01/06

and output signal (Fig. 1(b)) is 1V and time
period is 1ms. This will help them in a
better visualisation of both signals.
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state will be determined by the competition
between the two.

a)

Fig. 2 Biased clipper with 5V input signal

b)

Here V Volts is transition voltage. For
positive half cycle, if input voltage vi is
greater than V Volts the diode will be in
OFF state and if vi is less than V Volts then
diode will be in ON state. For negative half
cycle the diode will be in ON state. In ON
state diode will be conducting and for the
case of ideal diode with zero potential drop
it will act as short circuit and output will be
V Volts. During OFF state diode will act as
open circuit and the entire signal will
appear as it is at the output. Figure 3 shows
output of circuit in Fig.2.Here the input and
output waves are superimposed to have a
clear picture of clipping output and
simultaneously compare it with input. Here
a sinusoidal input wave is taken with
amplitude of 5V. External supply is taken
to be 1V, 2V and 3V respectively for the
three cases. Accordingly the output wave
shifts by 1V in each case.

Fig. 1 Shunt positive clipper a) Circuit
diagram b) Output waveform
Similarly diode connected in opposite
direction in Fig1a) will form shunt negative
clipper. Alternatively when the diode is
connected in series with the output it will
form series positive or negative clipper
depending upon in which direction diode is
connected. Comparison of all waveforms
will help us in understanding all four types
of clippers profoundly, the simplest means
being comparing the amplitude, time period
and pattern of waveform.
3. Biased Clipper
A biased clipper is one in which an external
power supply controls the shape of output
wave2. Depending upon whether a positive
or negative power supply is given to the
diode, output signal will be cut accordingly.
For biased waveform before looking at the
output waveform students should be able to
predict the results. For this the transition
voltage is the key factor2. Here transition
voltage is the voltage supplied externally to
the diode circuit. Fig.2 shows a biased
clipper with 5 V input signal. Here the
external supply of V Volts competes with
the input signal of 5 Volts amplitude.
Whether the diode will be in ON or OFF
35/01/06

a)
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4. Conclusion

Analysis of circuit and waveform
profoundly helps in a better understanding
of clipping circuits. Creativity in teaching
electronic circuits enhances learning
experience and makes it easy.
b)

c)

Fig. 3 Output waveforms of a biased
clipper circuit (Fig. 2) with input voltage of
amplitude 5 V and external supply of a) 1V
b) 2V c) 3V.
[2]Boylestad R L and Nashelsky L Electronic
Devices and Circuit Theory 10th edition
Pearson.
[3]DeHaan R L 2011 Science 334 1499-500
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